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Abstract 

Let P be a quadratic operad. We define an associated operad V such that for any 
P-algebra A and P-algebra B, the algebra A® B is always a P-algebra for the classical 
tensor product. 

1 Introduction 

Let P be a quadratic operad with one generating operation (i.e. the algebras on this operad 
have only one operation) and V' its dual operad. It satisfies V' — homlV, Cie) where Cie 
is the quadratic operad corresponding to Lie algebras. For any "P-algebra A and P -algebra 
B, the vector space A <S) B is naturally provided with a Lie algebra product 

fi(ai ® bi,a 2 ® b 2 ) = /^^(ai,a 2 ) ® fiB(h,h) ~ ^( a 2,ai) ® Mb(&2,&i)- (1) 

where ha (resp. /Ug) is the multiplication of ^4 (resp. S). We deduce that the "natural" 
tensor product ha®b = HA ® MB provides A <E> B with a Lie-admissible algebra structure. 

In [2] we have defined special classes of Lie-admissible algebras with relations of definition 
determined by an action of the subgroups Gi of the 3-degree symmetric group £3 . We obtain 
quadratic operads, denoted by Gi — Ass and in this family we find operads of Lie-admissible, 
associative, Vinberg and pre-Lie algebras. For these operads we have proved that for every 
P-algebra A and P ! -algebra B the tensor product A®B is a P-algebra. This is not true for 
general nonassociative algebras and, in this sense, the Gj-associative algebras are the most 
regular kind of nonassociative algebras. For example if V is the operad of Leibniz algebras 
or of the nonassociative algebras associated to Poisson algebras [?] , then the tensor product 
of a P-algebra and P -algebra is not a P-algebra. 

So we introduce a quadratic operad, denoted by P, such that the tensor product of a 
P-algebra with a P-algebra is a P-algebra. In case of P = Lie or Gi-Ass then V = P ! this 
explain the above remarks. 



* corresponding author: e-mail: E.Remm@uha.fr 
T M. Goze@uha.fr. 
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2 Nonassociative algebras and operads 



We assume in this work that V is a quadratic operad with one generating operation. Then it 
is defined from the free operad T(E) generated by a I^-module E placed in arity 2, and an 
ideal (R) generated by a I^-invariant subspace R of T(E)(3). Our hypothesis implies that 
the S2-modulc E is generated by one element (i.e. algebras over this operad are algebras 
with one operation). Recall that, if we consider an operation with no symmetry the K- vector 
space T(E)(2) is 2-dimensional with basis {x\ -xi^xi-x{\ and T(i?)(3) is the 12-dimcnsional 
K- vector space generated by {xi ■ (xj -Xk),{xi- xj) -Xk} with i ^ j ^ k ^ i, i,j,k 6 {1, 2, 3}. 
We have a natural action of S3 on T (E)(3) given by: 

s 3 x r(£)(3) -r(£)(3) 

(a , X) ^a(X) 

where 

a(xi ■ (xj ■ x k )) = x a -i (i) ■ (x a -i {j) ■ x a -i {k) ) 
a((xi ■ xj) ■ x k ) = {x a -i {i) ■ x a -i U) ) ■ x a -i {k) ). 

We denote by O(X) the orbit of X associated with this action and by K(0(X)) the S3- 
invariant subspace of T(E)(3) generated by O(X). More generally if X\, • • • , Xk are vectors 
in T(E)(3), we denote by K(0(Xi, ..,Xk)) the S 3 -invariant subspace of T(E)(3) generated 
by 0(X 1 ) U • • • U 0{X k ). 

Definition 1 We say that a H^-invariant subspace F ofT(E)(3) is of rank k if there exists 
Xi,...,Xk <E T(E)(3) linearly independent such that F = K(0(Xi, Xk)) and for every 
p<k and Y u ...Y p e F we have K(0(Y 1 , ...,Y p )) ^ F. 

If V is a quadratic operad with one generating operation, its module of relations R is an 
invariant subspace of T(E)(3). We will say that V is of rank k if and only if R is of rank k. 

From the action of S3 on Y(E)(3) we define linear maps on this module as follows. Let KP3] 
be the group algebra of S 3 that is the vector space of all finite linear combinations of elements 
of S 3 with coefficients in K hence of all elements of the form v — aiai + a 2 o"2 + ••• + (iqo-q. 
If v = Y.aiCTi 6 K[S 3 ], let *S? V be given by 

* V (X) = Sa^pf). 

Then an invariant subspace F of T(E)(3) is stable for every 

Let (A, /i) be a P-algebra. This means that (A, fi) is a nonassociative algebra (by nonas- 
sociative algebra we mean algebras with non necessarily associative multiplication). We 
consider the maps A L ([i) = ^ o (p, ® Id) and A R (p) = ^10 (Id ® fi). Then the associator of 
^ is written A(fi) = A L (fi) — A R (n). For each vector v 6 IK[S 3 ] we define a linear map on 
A 03 denoted by ^ and given by 

(Xi ® X 2 ® X 3 ) l-> ".(^-Hl) ® ^<7-i(2) ® #0-1(3)) 

The multiplication fj, satisfies relations of the following type 

A L (n)o^-A R (v)o^=0, (2) 
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where v — ££^0^,1/ = Se^c, G K[Es]. 

Such a relation defines the module R of relations of V . In fact R is the £3-submodule of 
r (E)(3) is generated by the vectors 

(Jj(^ v (xi ■ (x 2 ■ X 3 )) - W v /((Xl ■ x 2 ) ■ x 3 )) 

for every <7j G S3. 

Let us note that if V is of rank 1, a "P-algcbra is given by one multiplication satisfying 
only one relation of type ©. 

Proposition 2 Let V be a quadratic operad with one generating operation such that the 
£3 -submodule R of relations is generated by vectors of the following type : 

Si =1 o{<Ti((a;i • x 2 ) -x 3 -Xf (x 2 ■ x 3 )) 

for I = 1, k and o~i G S3. Then V is of rank 1. 

Proof. In fact, the S3-invariant subspace of T(E)(3) generated by 

((xi • x 2 ) ■ x 3 -xi- (x 2 ■ x 3 )) 

is isomorphic to K[S 3 ]. This isomorphism is given by: 

T,aiUi((xx ■ x 2 ) -x 3 -xx- (x 2 ■ X3)) — ► SojCTi. 

We have seen in [3] that for every S3-invariant subspace F of ^[£3], there is a vector 
v G KP3] such that F = F v = M.(0(v)) where 0(v) is the orbit of v corresponding to the 
natural action of S 3 on K[E 3 ]. We deduce that the rank is 1. 

In the following examples we will recall the definition of the operads Gi-Ass and define 
some quadratic operads of rank one associated to some classes of nonassociative algebras. 

Examples. 

1. The operads Gi — Ass 

For k G {1, 2, 3} and i j k =/= i we denote by Ty the transposition (i, j) and ci, c 2 
the cycles (1,2,3) and (1,3,2). The subgroups of £3 are G\ = {Id},G 2 =< t 12 >,G 3 =< 
T23 >, G4 =< ri3 >, G5 =< Cx >, Gq — £3 where < g > denotes the subgroup generated 
by g. Each one of these subgroups Gi defines an invariant submodule Ri of T (E)(3) of rank 
1. In fact consider the vector X — x\ ■ (x 2 ■ x 3 ) — (x\ ■ x 2 ) ■ x 3 of T(E)(3) and if is a 
subgroup of £3, we define the vector of T (E)(3) by 

where e(a) is the sign of the permutation a. Let Ri be the subspace Ri = K(0(Vi)). Then 
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Ri = 


Vect K {(xi 


■Xj) 


■ x k 


■ Xi 


■ (xj -x k )} 














i?2 = 


VectK { {xi 


■Xj) 


■ x k 


— Xi 


■ ( x j -x k ) - 


- (xj 


■ Xi) 


Xk 


+ Xj 


(Xi ■ 


Xk)} , 


R 3 = 


Vect K {(xi 


■xj) 


■ x k 


— Xi 


{Xj • Xfc) 


- (Xi 


■ x k ) 


Xj 


4" Xi 


(Xk 


Xj)}, 


i?4 = 


Vect K {{xi 


■Xj) 


■ x k 


Xi 


{Xj • Xk) 


- (Xk 


■x 3 ) 


Xi 


■f x k 


■ (xj 


Xi)} 


R 5 = 




■Xj) 


Xk 


- Xi 


(xj ■ x k ) 4 


- (xj 


Xk) 


Xi 


- Xj 


(Xk ■ 


Xi) 




+ (x k ■ Xi) 


Xj — 


x k ■ 


(Xi- 


Xj ) 














Rq = 


Fect K {(x! 


■ x 2 ) 


■ x 3 


- Xi 


■ (x 2 ■ x 3 ) - 


f (x 2 


■x 3 ) 


■ Xl 


- x 2 


■ (x 3 


■ Xl) 




+ (^3 • x\) 


X2 - 


X3 


(xi ■ 


X2) - (X2 


■ Xi) 


X3 + 


x 2 


(x-i 


X3) 


- {x 3 ■ x 2 ) ■ x 1 




+x 3 ■ (X2 ■ 


xi) - 


(*1 


■x 3 ) 


■ X 2 +Xl ■ 


{X3 ■ 


X2)} 











Definition 3 The quadratic operadGi-Ass is the quadratic operad T (E) / (R) where (R)(3) = 



Some of these operads are wellknown: 

- Gi-Ass ~ Ass, 

- G2-Ass = Vinb, 

- G 3 -Ass = Vre — Lie. 

Let us note that the G§-Ass-&\gehias are the Lie-admissible algebras that is if u is the 
product of such an algebra then 



is a product of Lie algebra. As Gi is a subgroup of Gq = £3 any Gi-Ass-algebra is Lie- 
admissible. For a general study of the operad G&-Ass = CieAdm and G 2 -Ass = Vinb 
see [2]. 

Let (Gi-Ass) ] be the quadratic dual operad of Gi-Ass. We denote by (Ri) 1 the sub- 
module of T(E)(3) defining (Gi-Ass)' . It is the orthogonal of Ri with respect to the inner 
product on T(E)(3) given by 



where e(a) is the sign of the permutation a. Then we have 



(Ri) 


= Ri 




















(R 2 ) 


= Vect K {(xi- 


Xj) 


Xk Xi 


( X J 




■Xj) 


■ Xk - 


(xj 


Xi) 


Xk} 


(Rs) 


= Vect K {(xi- 


x j) 


•&k ~ %i 


(xj 


' %k)'-; {p^i 


■Xj) 


• x k ) - 


- (Xi 


■ x k ) 


■ Xj 


(R 4 ) 


= Vect K {(xi- 


x j) 


■x k - Xi- 


(Xj 


■ %k)\ {Xi 


■Xj) 


■ x k - 


(Xk 


■Xj) 


■ Xi} 




= Vect K {(xi- 


x j) 


Xj$ Xi 


(xj 


' %k)\ (%i 


■Xj) 


■ x k - 


(xj 


Xk) 


■Xi} 


(Re) 


= Vect K {(xi ■ 


Xj) 




(Xj 




Xj) 


■x k - 


(xj ■ 


Xi) ■ 


x k 




i^Xi • Xj ) • Xfc 


\Xi ' Xk) • Xj } 















Proposition 4 For i = 1, the operad (G\-Ass)- — Ass is if rank 1. For 2 < i < 6, the 
operads (Gi-Ass) ] are of rank 2. 



Ri. 



[x,y] = v(x,y) - n(y,x) 
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Proof. The case i = 1 is trivial (it is also a consequence of Proposition 2). 

For i = 2, 3, 4 and 5, the rank of is 2. We denote by v? , j = 1, 2 the generators of . 

Then if B is a (GVAss)'-algebra the multiplication jug satisfies 

1) Mb(mb ® - jM-fd (8> Mb) = 

2) Mb(mb ® - mb (Id ®/j B o$ ffi ) = 

with 



(72 


= TL2 


CT3 


= 723 


0"4 


= 1"13 


CT5 


= Ci or c 2 



For i = 6, the space (i?6) ! is generated by the vectors 
But we can write 

' ^j) ' (^j -Ek {Id T^)((x^ • Xj ) • 

and 

(a;, • x-,) • - (xi ■ Xk) ■ xj = (Id - T jk )((x t ■ xj) ■ x k ). 

The E3-invariant subspace of K[T,s] generated by the vectors Id — T12 and Id — T23 is of 
dimension 5, and from the classification [3], this space corresponds to F v = K(0)(v) with 

v = 2Id - T12 - ri3 - t 23 + ci 

and we deduce that this operad is of rank 2. 
2. The 3-power associative algebras 

We have seen that every (GV.4ss)-algebra is Lie-admissible. Moreover the operad CieAdm 
is quadratic, of rank 1. The submodule R§ is of dimension 1 and corresponds to the one- 
dimensional E 3 -invariant subspace K(0(V)) = Fy of K[S 3 ], where V is given by 

v= E (-i) e(ff) ^- 

If we consider the natural action of S3 on KP3], then there exists only two irreducible 
invariant one dimensional subspaces of K[S 3 ] that is Fy and F\y where 

W= ^, 

If the set of Lie-admissible is associated to Fy, the set of algebras corresponding to Fw 
is the set of 3-power associative algebras (see [3]) that is which satisfies x 2 ■ x = x ■ x 2 for 
every x. As in the Lie- admissible case we can define classes of 3-power associative algebras 
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corresponding to the action of the subgroups of S3. We are conduced to consider the 
following submodules of T (E)(3): 



r( = 


Ri 






















Vect K {(xi ■ Xj) 


Xk 


- Xi 


i*r 


X k ) + (Xj ■ Xi) 


Xk - 


Xj ■ 


(Xi ■ 


x k )} 






Vect K {{xi ■ Xj) 


Xk 


Xi 


( x j ■ 


X k ) + (Xi ■ x k ) 


Xj — 


Xi 


(Xk 


Xj)} 




i?4 = 


Vect K {(xi ■ Xj) 


x k 


Xi 


(xj ■ 


Xk) + (Xk ■ Xj) 


X{ 


Xk 


(Xj 


Xi)} 




Rf = 


R5 






















Vect K {(xi ■ x 2 ) 


X3 


- Xl 


■ (x 2 


X3) + (x 2 ■ x 3 ) 


• Xl - 


- x 2 


(X3 


■ xi) - 


f (x 3 ■ Xl) ■ x 2 




-x 3 ■ (xi ■ x 2 ) + 


(x 2 


■ Xl) 


■ x 3 - 


- x 2 ■ (xi ■ x 3 ) + 


(X3 ■ 


x 2 ) 


■ Xl 


- X3 ■ 


(x 2 ■ Xl) 




+(xi ■ X 3 ) ■ Xi - 


Xl ■ 


{X3 ■ 


X2)} 















This corresponds to R\ = K(0(Y t )) with 

Y t - ^ eGt a{X) 
with X — xi ■ (x 2 ■ X3) — (xi • x 2 ) ■ x 3 . 

We denote by (Gj— p 3 Ass) the corresponding quadratic operads. The corresponding dual 
operads are discribed by the following ideals of relations: 





= Ri 
















(r() 


= Vect K {(xi-Xj 


) ■ X k - Xi ■ 


(Xj 


■ x k ) 


;{xi 


■Xj) 


■ X k + (Xj 


Xi) ■ x k } 


(Rf) 


= Vect K {(xi ■ Xj 


) ' Xk Xi 


(Xj 


■ x k ) 


;(xi 


■Xj) 


■ x k ) + (Xi 


■ Xk) ■ Xj 


(R() 


= Vect K {(xi-Xj 


) ' Xk Xi 


(Xj 


■ x k ) 




■xj) 


■ x k + (x k 


Xj) ' x i} 


(Rf) 


= Ri 
















(Rf) 


= Vect K {(xi-Xj 

(x% ' Xj ) • Xfc -\- 


Xk ~ Xi 
{Xi ' Xk) ' X 


(Xj 

j}- 


x k ) 


{Xi 


Xj) 


Xk ~H y^j 


Xi) ' Xk 



The proof is analogous to the Lie-admissible case. Let us note that these operads are also 
of rank 2 except for i = 1. 

3. The IK [S 3 ]-associative algebras 

This example of nonassociative algebras generalizes the previous, considering not only the 
one dimensional invariant subspace of K [S3] but all the invariant subspaces. Recall that, for 
every veK [S3] , we have denoted by 0{v) the corresponding orbit and by F v = K (0(v)) the 
linear subspace of IK [S3] generated by 0(v). Since F v is a S 3 -invariant subspace of K [S3], 
by Mashke's theorem, it is a direct sum of irreducible invariant subspaces. Moreover, given 
an invariant subspace F of K [S3], there exists v £ K [S3] (not necessarily unique) such that 
F = F v =K(0(v)). 

Definition 5 1. A K- algebra (A, is cai/erf K [S3] - associative if 'there exists v el[E 3 ],n/ 
0, such that 

A( P ) o<I>* = 

where A{fi) is the associator of fx. 

2. Let A(fj,) o $^ = and A{jj) o $^ = be two identities satisfied by the algebra {A, fx). 
We say that these identities are equivalent if F v = K(0(v)) — F w — K(0(w)). 



6 



Remark that if F v is not an irreducible invariant subspace, then there exists w € F v such 
that F w C F v and F w ^ F v . In this case the identity A(li) o <E>^ = implies A(li) o $^ = 
but these identities are not equivalent. 

Examples. 

1 . If v = Id — T23 , the relation 

A(p) o^ = (3) 

becomes 

A(/J,)(xi ® X2 ® £3 - X\ <g £3 <g x 2 ) = 0. 

The corresponding algebra is a pre-Lie algebra. 

2. The Lie- admissible and third-power associative algebras are K [£ 3 ]-associative algebras. 
In fact an algebra (A, /u) is Lie-admissible if A(p) o = and third-power associative if 
^(/•O *w = with 

V" = 7d — T12 - r 23 - Ti 3 + ci + c 2 

and 

W = 7rf + r i2 + r 23 + ri3 + Ci + c 2 . 

3. For i = 1, 6 we denote by V* and TLi the vectors of K[S 3 ] given by 

^ = E (-!) e(CT) ^ ^ = E 

Then (.A, /i) is a Gi-„4ss-algebra if 



and a Gi-p 3 Ass-algebra if 

They are particular cases of K[S 3 ]-associative algebras. We shall return, in the last 
section, on the determination of the corresponding operads. 

3 The operad V associated to a quadratic operad V 

In the previous sections we saw that for some quadratic operads, the dual operad gives 
a way to construct on the tensor product A <S> B of a "P-algebra A and a "P ! -algebra B a 
structure of P-algebra for the usual tensor product /ia®B = AM ® MB- But this is not true 
for every quadratic operad. In this section we define from a given quadratic operad V an 
associated quadratic operad, denoted by V, whose fondamental property is to satisfy the 
above property on the tensor product. 

Let (A, n) be a 7^-algebra where V is a quadratic operad. Let R be the submodule of 
r(£J)(3) defining the relations of A. We denote by A l (li) = p (p, ® Id) and A r (li) = 
ii o (7e? (g) /n). If we suppose that R is of rank k, then the multiplication ii satisfies k relations 
of type 

aV)°^-^G«)°< = o 



A{ll) o = 

A( M ) o $4 = o. 
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where Vi,Wi G IK[S 3 ] for any i 6 I = {1, .., k} and the vectors (vi)i e i are linearly independent 
as well as the vectors (wi)i£i. 

Examples. 

1. The associative algebras correspond to k = 1 and v\ = w\ = Id, pre-Lie algebras to 
k = 1 and v\ = w\ = Id — t 23 and more generally G^-associative algebras correpond to 
k = 1 and v\ = w\ = Vi. The Lie-admissible algebras correpond to k = 1, v\ = w\ = V and 
the 3-power associative algebras to vi = wi = W. 

2. The Leibniz algebras correspond to k = 1 and v\ = Id — t 23 , w\ = Id. 

Let V be a quadratic operad generated by i? C K[£ 2 ]. For every v = T,f =1 Saiai G K[X 3 ] we 
consider on T (E)(3) the linear maps 

■ x j) ■ x k) = Zai<Tl((Xi ■ Xj) ■ X k ), ^v( x i ■ ( x l ■ x k)) = 

and 

^y((xi ■ xj) ■ x k ) = 0, *f (xi ■ (xj ■ x k )) = Y,ai<Ji{xi ■ (xj ■ x k )). 
Let R be the module of relations of V. If it is of rank k, it is written 

R = Vect K {(^ p {{xi ■ Xj) ■ x k ) ~ y* p (x! ■ (x 2 ■ x 3 )), 1 < p < fc} 

with v p — X)»=i a i a i an d w p — Z)»=i CT » for 1 < p < fc. 
Let E be the sub- module of K[£ 2 ] defined by 

~ _ J E if £ = 1 8 Sgn 2 

\ Com(2) = 1 if E = 1 or S#n 2 

If divnE = 2, we denote _R the K[£ 3 ]-module generated by the vectors 
' a^a p j ^ i _ rTj ((x 1 -x 2 ).x 3 ), 

k (( Xl ■ x 2 ) ■ x 3 ) - (X! • (x 2 • x 3 )), 

for 1 < p < k. 

H E = Comm(2), R is generated also by these vectors, but modulo the relations of commu- 
tation. 

Definition 6 The operad V associated to the quadratic operad V is the quadratic operad 
generated by E and with K.[Y, 3 ]-submodule of relations R. 

We have the main result : 

Theorem 7 Let A be a V -algebra and B a V -algebra. Then the algebra A®B with product 
HA®B is a V-algebra. 
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Proof. Let A be a "P-algebra. Its multiplication fj, A satisfies 

(A L (n A ) o - A R ( f i A ) o ** p ){ Xl ® x 2 ® x 3 ) = 

for p = 1, k. If B is a "P-algebra, its multiplication ^ satisfies 
' A L { m ) o ( yi ® j/ 2 (g) y 3 ) = 0, if 3p, o*oj ^ 

< A fl (/i B ) o (yi ® y 2 y 3 ) = 0, if 3p, 6* ^ ^ 

k A L (^) o - A*( MB ) o $8 ( yi ® j/ 2 ® y 3 ) = 0, if 3p, a*^ ^ 0. 
Now we consider the product ^a®B- We have 

(^(/ubb) ° *£® B - o ^f B )(x! ® i/i ® x 2 ® y 2 ® x 3 ® y 3 ) 

= (Eaf ^(/i^g) o Gi - S6? ^(/x^s) o <7i)(xi ® j/i ® x 2 ® y 2 ® x 3 ® y 3 ) 
= Saf o cr^xi ® x 2 ® x 3 ) ® A L (fi B ) o CTi(yi ® y 2 ® y 3 )) 

-Y,V.(A r ((j,a) o er*(xi ®x 2 ® x 3 ) ® o CTl (yi ® y 2 ® yz)) 

= {£.a?(A L (ii A ) oa l {x 1 ®x 2 ® x 3 )) ® A L (/ig) o aj (j/i ® y 2 ® 2/3) 

-(£&? o cr 4 (xi ®x 2 ® x 3 )) ® ^ fl (/ue) o ajiy! ® y 2 ® y 3 )) 

where j is choosen in {1, • • • 6} such that 7^ 0, 

= Eaf^/u) o (7,(1! ® x 2 ® x 3 ) - Y,b?A R (fj, A ) ° ^(xi ® x 2 ® x 3 )) 
®A fl (^ B ) oo-j(j/i ®y 2 ® 2/3)) 

= (i4 L (/i^) o - o $4)(xx ® x 2 ® x 3 )) ® A R (^ B ) o CTj (yi ® t/2 (g) 2/3)) 

= 0. 

4 Some examples 

4.1 P = G;-„4ss 

Proposition 8IfV is a (d — Ass) operad, then the operads P ! and V are equal. 

Proof. In this case we have fc = 1 and v\ = w\ = Vi. Then V is defined by the module of 
relations 

^•^-^((zi -x 2 ) -x 3 ), 

< a i a j ^ R _ r7 .(x 1 -(x2-x 3 )), 

K ata ji^dxx ■ x 2 ) • x 3 ) - tf* (xi • (x 2 • s 3 )), 
where V, = Y^a^aj. This system is reduced to 

{ */d((a;i -^2) -x 3 ) -*f d (xi • (x 2 •x 3 )),a l a i *^_ CTj ((xi • x 2 ) ■ x 3 ), 
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which corresponds to the dual operad. 
In particular, if V = CieAdm, then V = V 
defined from the submodulc of relations : 



= CommZ where CommZ is the quadratic operad 



R = Vect K {(xi ■ xj) -Xk-Xi- (xj ■ x k ), (x; • Xj) ■ x k - (xj ■ x t ) ■ x k }. 
Thus, a Comm3-algebra A is 3-commutative if it is associative and satisfies 

Xi • Xj • Xk — X a (i~) • Xfj^j~j • Xtj^k) 

for every a E S3. If A is unitary this implies that A is a commutative algebra. If not, 
we have that A 2 is contained in the center of A. The associated Lie algebra is two step 
nilpotent. 

4.2 V = Cie 

If V = Cie then V = V' = Com. In fact, in this case, k = 1 and v\ — w\ = Id + c\ + c 2 . As 
v\ = w\ , a P-algebra is associative and the module of relation corresponds to the operad 
Com. 

4.3 V = Ceib 

Let V = Ceib be the Leibniz operad. A Leibniz algebra is defined by the relation 

x(yz) - (xy)z + (xz)y = 0. 
In this case the associated V operad corresponds to the relations 

x(yz) = (xy)z 

and 

(xy)z — (xz)y. 
Thus a £ei6-algebra is an associative algebra satisfying 

xyz = xzy. 

This relation is equivalent to 

x[y,z] = 

with [y, z] — yz — zy. This last identity implies that if x et y are in the derived Lie subalgebra 
of the associated Lie algebra, then xy = 0. The derived Lie algebra is then abelian and the 
Lie algebra is 2 step nilpotent. The dual operad, also denoted by Zinb, corresponds to the 
identity 

(xy)z — x(yz) — x(zy) = 0. 

Thus a £ei6-algebra is a Zinbiel algebra (i.e. a Ceib' -algebra,) if x(yz) = (xy)z = (every 
product of 3 elements of the associative algebra is zero) . These algebras are nilalgebras A 
satisfying „4 3 = 0. For example, any associative commutative algebra is a £e?6-algebra. 
Every £eife-algebra with unit is commutative. In dimension 3 the algebra defined by 

dei = e 2 , eie 3 = e 3 e 3 = e 2 

is a noncommutative £ei6-algebra. 
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4.4 Determination of V in the Lie-admissible case 

In the following table we describe the multiplications of the algebras corresponding to the 
operads V,V ] ,V and this for the operads described in [3], Theorem 3. Recall that these alge- 
bras are Lie-admissible K [S 3 ]-associatives algebras. We denote by A(x, y, z) the associator 
: A(x, y,z) = (x ■ y) ■ z - x ■ (y ■ z). 

V = CieAdm : A(x, y, z) — A(y, x, z) — A(x, z, y) — A(z, y, x) + A(y, z, x) + A(z, x, y) = 0. 
V' : A(x, y, z) = 0, x-y-z — y-x-z — x-z-y. 

V = v- 

V = G 5 - Ass : A(x, y, z) + A(y, z, x) + A(z, x, y) = 0. 
V' : A(x, y, z) = 0, x-y-z — y ■ z ■ x — z ■ x ■ y. 

v = v- 

V : aA(x, y, z) - aA(y, x, z) + (a + (3 - 3)A(z, y, x) - f3A(x, z, y) + f3A(y, z, x) 
+(3 - a - f3)A(z, x, y) - 0, (a, /?) ^ (1, 1) 

V' : A(x, y,z) = 0, (a — [3)(x ■ y ■ z — y ■ x ■ z) + (a + 2/3 — 3)(z ■ y ■ x — z ■ x ■ y) = 
The computation of V depends on the values of the parameters a et (3. If (a, (3) ^ (3, 0) 
ou (0, 3) or (0, 0) then 

V = CieAdm' 
If {a, (3) = (3, 0) then V = G 2 - Ass and 

V = P- =G 2 -Ass-. 
If (a, (3) = (0, 3) then V = G 4 - Ass and 

V = V- =G 4 -Ass l . 
If {a, (3) = (0, 0), then V = G 3 - Ass and 

V = P- =G 3 -Ass-. 

V : A(x, y, z) + (1 + t)A(y, x, z) + A(z, y, x) + A{y, z, x) + (1 - t)A(z, x,y) = 0,t^l 
V- : A(x, y,z) = 0,(t-l)x-y-z-(t-l)y-x-z-(t + 2)z-y-x+(l + 2t)x ■ z-y 

-(1 + 2t)y ■ z ■ x + (t + 2)z ■ x ■ y = 0. 

V = CieAdm . 

V : 2A{x, y, z) + A(y, x, z) + A(x, z, y) + A(y, z, x) + A{z, x, y) = 0. 
V ] : A(x, y,z) = 0,x-y-z + y- x- z — z ■ y ■ x — z ■ x ■ y = 0. 

V = CieAdm'-. 

V : 2A(x, y, z) - A(y, x, z) - A(z, y, x) - A(x, z, y) + A(y, z, x) = 0. 
V' : A(x, y, z) = 0, x-y-z — y-x-z — z ■ y ■ x — x-z-y + y- z- x + z- x- y = 

V = CieAdm . 

V = Ass : A(x,y,z) = 0. 
V- = Ass 

V = Ass 
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Proposition 9 Let V be an operad corresponding to a ~K[Y,3\-associative Lie- admissible 
algebra type. Then V = V' if and only ifV is the operad Gi — Ass for some i. 

We can also find the operads such that V = V ] in the case of a quadratic operad generated 
by a commutative operation (i.c E = 1) or an anticommutative one (i.e E = Sgn2) 

Proposition 10 Let V — V(K, E, R) be a quadratic operad generated by an operation with 
a symmetry (i.e. E — Sgn 2 or E = \). Then V = V' if and only if E — Sgn 2 and V = Com 
orV = T(Sgn 2 ), the free operad generated by the signum representation. 

4.5 V = Voiss 

A Poisson algebra over K is a K-vector space equipped with two bilinear products: 

1) a Lie algebra multiplication, denoted by {, }, called the Poisson bracket, 

2) an associative commutative multiplication, denoted by •. 
These two operations satisfy the Leibniz condition: 

{X.Y,Z} = X.{Y,Z} + {X,Z}.Y, (4) 

for all X, Y, Z. In [7] , one proves that a Poisson algebra can be defined by only one nonas- 
sociative product, denoted by X ■ Y , satisfying the following identity 

3A.(X,Y,Z) = (X ■ Z) -Y + (Y ■ Z) ■ X - (Y ■ X) ■ Z - (Z ■ X) - Y, (5) 

where A.(X,Y,Z) = (X ■ Y) ■ Z — X ■ (Y ■ Z) is the associator of the product •. The 
corresponding quadratic operad is with one generating operation and of rank 1. Let us 
denote by Voiss this operad. If 

' Xj) ■ *k) - • {X2 ■ a*)) 

is the generator of the module of relations R of Voiss, we have 

Vl = 3Id — T23 — Cl + T12 + C2 

and 

w\ = 3Id. 

Then Voiss is generated by 

(xi ■ x 2 ) ■ x 3 
(x 1 ■ x 2 ) -x 3 
< {xi ■ x 2 ) ■ x 3 
(xi ■ x 2 ) ■ x 3 
(xi ■ x 2 ) ■ x 3 

and Voiss = Comm3. 

Remark. In this work, we have considered only the classical product on the tensor 
product of algebras. It is possible to do the same work considering generalized or twisted 
tensor product. In these case we can probably define also an associated operad. 



- (xi ■ x 3 ) ■ x 2 

- {x 2 ■ x 3 ) ■ Xl 

- (x 2 ■ xi) ■ x 3 

- {x 3 ■ Xl) ■ x 2 

- xi ■ (x 2 ■ x 3 ) 
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Let us consider two Poisson algebras (A, ha) and (B,hb) two Poisson algebras denned by 
the nonassociative multiplication ([5]). Let r be the twist map: 

t(x ®y) = y ® x. 

If we consider on A ® B the following product 

HA ®r Hb = 3ha ® HB - HA® (hb or) - {ha °t)®> hb + (ha ° t) ® (^g o r) 

then (.4 ® /i^ ® T /ig) is a Poisson algebra. 
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